Abstract. The following integer analogue of a Radon partition in a ne space R d is studied: A partition (S; T ) of a set of integer points in R d is an integral Radon partition if the convex hulls of S and T have an integer point in common. The Radon number r(d) of an appropriate convexity space on the integer lattice Z d is then the in mum over those natural numbers n such that any set of n points or more in Z d has an integral Radon partition. An (2 d ) lower bound and an O(d2 d ) upper bound on r(d) are given, r(2) = 6 is proved, and the existence of integral Radon partitions, in lattice polytopes having a 1-skeleton with a large stable set of vertices, is established. The computational complexity of deciding if a given set of points in Z d has an integral Radon partition is discussed, and it is shown that if d is xed, then this problem is in P , while if d is part of the input, it is N P -complete.
Introduction
We study the following integer analogue of a Radon partition in a ne space R d : A partition (S; T) of a set of integer points in R d is an integral Radon partition if the convex hulls of S and T have an integer point in common. The Radon number r(d) of an appropriate convexity space on the integer lattice Z d , to be de ned below, is then the in mum over those natural numbers n such that any set of n points or more in Z d has an integral Radon partition.
As the study of Radon partitions has a natural setting in the context of convexity spaces, we recall a few basic de nitions from that theory.
De nition 1.1 Convexity space. A convexity space is a pair (X; C), where X is a set, C 2 X , and the following hold.
(1) ; 2 C; X 2 C, (2) For all F C \F 2 C]:
The members of C are called convex, and the C-hull of a set A X is C(A) = \fB : B Finally, we give the following slightly extended de nition.
De nition 1.3 Radon number. Given a convexity space (X; C) and F 2 X , we de ne the F-Radon number r(F) as the in mum over those natural numbers n such that any set A 2 F with n elements or more has a Radon partition, r(F) = inffn 2 N : 8A 2 F 
jAj n] ! 9S9T S T = A]^ S \ T = ;]^ C(S) \ C(T) 6 = ;]]]g:
When F = 2 X , this reduces to the usual de nition of the Radon number, which is denoted simply by r. When the underlying set of the space is a Cartesian product X = K d , we will use the notation r(d; F), and for F = 2 X we will use r(d).
The classical Radon theorem, which follows easily from the a ne structure of R d , says that the Radon number of the space (R d ; conv) is r(d)=d+2.
The convexity space which is studied in this paper is the restriction of (R d ; conv) to the integer lattice, and will be denoted by (Z d easy to see that, in the de nition of the Radon number, it is enough to consider subsets A X such that jAj < 1 and A = ext(P), the set of vertices of P, where P is some lattice polytope.
Thus, the question about r(d) is in fact a question about the existence of Radon partitions of sets of vertices of lattice polytopes, and we can ask the same question about subclasses of lattice polytopes. This is the subject of x4, in which we study some properties of polytopes having a large stable set of vertices (in the graph theoretical sense), and establish the existence of a Radon partition for such polytopes. This result is also useful for the proof, given in x5, that r(2) = 6, and leads to a simpler and more direct proof, for simple lattice polytopes, of the upper bound.
Finally, in x6, we discuss the computational complexity of deciding if a given set of points in Z d has a Radon partition, and show that if d is xed, than this problem is in P, while if d is part of the input, it is NP-complete.
Before going on, we note that the Radon number of the integer lattice is invariant under a ne transformations. More precisely, we have the following observation. The proof is based on the fact that, given such a set, there is an a ne bijection from aff(S) to R k which preserves integrality (this is a result, say, of Theorem 3 in Gruber and Lekkerkerker 9, p. 19] or Corollary 4.3b in Schrijver 16] The following set of points shows that r(2) 6 (see Fig. 1 ). 
An upper bound
In the current section, we need to recall a few more invariants of a convexity space (X; C).
De nition 3.1 Caratheodory number. The Caratheodory number c is the in mum over those natural numbers n such that the C-hull of any set S X is the union of the C-hulls of subsets T S with jTj n,
De nition 3.2 Helly number. The Helly number h is the in mum over those natural numbers n such that any nite family L 2 X with the property that the intersection of the C-hulls of all its members, \fC( As with the Radon number, when the underlying set of the space is a Cartesian product
The following was proved in Doignon 6] .
Proposition 3.4 The Helly number of the convexity space (
The following proposition follows immediately from the de nitions. 4 Stable sets in polytopes
In this section we study in detail some elementary properties of stable sets of vertices of polytopes. We establish the existence of a Radon partition of the set of extreme points (vertices) of a lattice polytope having a large stable set (in the sense de ned below) of vertices. As a byproduct, this result yields a simpler and more direct proof of an upper bound for r(d; SP), where SP = fA Z d : A = ext(P); P a simple polytopeg, which is asymptotically the same as the one given in Corollary 3.7 (recall that a d-polytope is called \simple" if each one of its vertices is contained in exactly d 1-faces). It is also helpful in proving, in the next section, that r(2) = 6.
We start with some notation. By the \graph" of a polytope we mean the abstract graph having as vertices and edges the 0-faces and 1-faces of the polytope, respectively. For two points x; y 2 R d we denote by x; y] = conv(fx; yg) the closed line segment joining them. For a vertex s 2 ext(P), we denote its set of neighbors by N P (s) = fv 2 ext(P) : s; v] is a 1-face of Pg.
We will need the following (Br ndsted 3, Thm. 11.8]). Proposition 4.1 Let P be a d-polytope, v a vertex of P and H a hyperplane separating v from N P (v). Then H separates v from ext(P) n fvg.
By a (real) \Minimal Radon Partition" (MRP for short) we will mean a pair (S; T) constituting a real Radon partition of S T R d (i.e., S \ T = ; and conv(S) \ conv(T) 6 = ;), such that no proper subset of S T admits a real Radon partition. The following is easy to derive from the a ne structure on R d , and in fact, is just the circuit elimination axiom in the more general setting of oriented matroids (for a general reference to oriented matroids, see the upcoming book by Bjorner, Las Vergnas, Sturmfels, White, and Ziegler 2]). We will now establish some properties of polytopes which will lead to the proof of the main result of this section.
Lemma 4.4 Let P be a d-polytope, u 2 V = ext(P), P 0 = conv(V n fug), and v 2 V n (fug N P (u)). If w 2 V n fu; vg is such that v; w] is not an edge of P, then it is also not an edge of P 0 .
Proof is not an edge of P 0 .
Lemma 4.5 Let P be a d-polytope, u 2 V = ext(P), P 0 = conv(V n fug), v 2 P n (fug P 0 ) and P 00 = conv(V fvg n fug). If w 2 V n fug is such that u; w] is not an edge of P, then v; w] is not an edge of P 00 .
Proof. First, it is clear that ext(P 00 ) = V fvg n fug. Now, if u; w] is not an edge of P, then there exists T 1 V n fu; wg such that (fu; wg; T 1 ) is an MRP. Also, v 2 P implies that there exists T 2 V such that (fvg; T 2 ) is an MRP, and since v = 2 P 0 , it must be that u 2 T 2 . Eliminating u via Proposition 4.2, we obtain an MRP (S; T) with S fv; wg and T T 1 T 2 n fug. Now, w is a vertex of P, T ext(P 0 ), and v = 2 P 0 , so it must be that S = fv; wg, and so by Proposition 4.3, v; w] is not an edge of P 00 . Lemma 4.6 Stable set exchange lemma. Let P be a d-polytope, V = ext(P) and S V a stable subset of vertices (i.e., no two vertices in S lie on a common 1-face). Let x 2 conv(S) n (S conv(V nS)). Then there exists a vertex s 2 S such that in the polytope P 0 = conv(V fxgnfsg), we have ext(P 0 ) = V fxg n fsg and S 0 = S fxg n fsg is a stable set.
Proof. Let H be a hyperplane separating x from V n S. Since x 2 conv(S), there is a vertex s 2 S which is also separated from V n S by H. But S is stable, so N P (s) V n S, and so H separates s from N P (s). Then, by Proposition 4.1, it separates s, and hence x, from V n fsg. Thus ext(P 0 ) = V fxg n fsg. Now, if t 2 S n fsg, then s; t] is not an edge of P, and so by Lemma 4.5, x; t] is not an edge of P 0 . If u 2 S n fs; tg, then t; u] is not an edge of P, and so by Lemma 4.4, t; u] is not an edge of conv(V n fsg) P 0 , and so not an edge of P 0 either. So S 0 is a stable set in P 0 , as claimed.
We can now prove the following.
Theorem 4.7 Let P be a d-lattice polytope such that S V = ext(P) is a stable set of vertices and jSj = 2 d + 1. Then (S; V n S) is a Radon partition of V , i.e., C d (S) \ C d (V n S) 6 = ;. Proof. S is a set of integer points in Z d of size 2 d +1, so there are two points y; z 2 S having the same parity on all coordinates. The point x = (y + z)=2 is an integer point in conv(S) n S. If x 2 conv(V n S), then we are done. If not, then let the point s 2 S, the polytope P 0 , and the set S 0 be as de ned in Lemma 4.6. Then, by the lemma, P 0 and S 0 satisfy the hypothesis of the current theorem and we can repeat the argument above. Now jconv(S 0 ) \Z d j < jconv(S)\Z d j because s 2 conv(S) n conv(S 0 ), and jconv(S) \ Z d j < 1, so after nitely many applications of the argument above, we obtain a polytope P 00 and a set S 00 such that (S 00 ; V n S) is a partition of ext(P 00 ) such that there exists an integer point x 00 2 conv(S 00 ) \ conv(V n S). But, by the construction, conv(S 00 ) conv(S), so in fact we have x 00 2 C d (S) \ C d (V n S). Example 4.8 Consider, for k 3, the graph G(k) = (V (k); E(k)) which is the union of two homeomorphs of the k-wheel (see Fig. 2 for k = 4), de ned as follows (we call it the \Bicycle wheel with 2k alternating spokes"): As a corollary to Theorem 4.7 we get again the upper bound, for simple polytopes, and so we have the following corollary. be such that jV j = 6 and P = conv(V ) is a convex hexagon. Let S V be a stable subset with jSj = 3. Then C 2 (S) n S 6 = ;.
Proof. Without loss of generality we may assume that S = f(0; 0); v 1 ; v 2 g. Consider the two lines l i = lin(v i ) (i = 1; 2). Denote the four connected components of R 2 n (l 1 l 2 ) by c i;j (i; j = 0; 1) (see Fig. 3 ).
There must be two points in V n S lying on adjacent components, say w 1 Proof. Let U Z 2 be such that jUj 6 . We may assume that there is a subset V U such that jV j = 6 and P = conv(V ) is a convex hexagon. It is enough to show that V admits a Radon partition. Let S V be a stable set with jSj = 3. By Lemma 5.2, C 2 (S) n S 6 = ;. Then either C 2 (S) \ C 2 (V n S) 6 = ;, in which case we are done, or there exists a point x 2 C 2 (S) n (S conv(V n S)). In that case, we can do a stable set exchange and obtain a new set S 0 and polytope P 0 as de ned in Lemma 4.6, and in particular C 2 (S 0 ) C 2 (S). Repeating the same argument as above, we eventually get, as in the proof of Theorem 4.7, a set S 00 such that jS 00 j = 3, P 00 = conv((V nS) S 00 ) is a convex hexagon, S 00 is stable in P 00 , and C 2 (S 00 ) \ C 2 (V n S) 6 = ;. But then we are done, since conv(S 00 ) conv(S) and so (S; V n S) is a Radon partition of V . The number of such pairs is bounded by a polynomial function of n, and in fact, n < r(d) < 1 (the second inequality from Corollary 3.7), so it is bounded by a nite constant which depends on d only. For each pair (S; T) with jSj d + 1; jTj d + 1, do the following. Find a system of linear equalities de ning aff(S), and check a ne independence, i.e., jSj = 1 + dim(aff(S) (otherwise, move on to the next pair). Next, add inequalities to this system to get a description of conv(S). This is easy, as conv(S) is a simplex in aff(S), so any (jSj ? 1)-subset of S spans a facet of conv(S) in aff(S).
It is easily veri ed that the bit size of such a description is bounded above by a polynomial function in the bit size of the input, and so this step could be done in polynomial time.
Similarly, nd a linear inequalities and equalities description of conv(T). Now, let L be the union of the collections of linear equalities and inequalities describing conv(S) and conv(T). Apply to it an algorithm that checks if its solution set contains an integer point, e.g., the integer programming algorithm given in Lenstra 13] for (n; B). For convenience, we index the rst coordinate of a point by 0, and for each pair i; j such that 1 i < j 2n, a point will have two coordinates, one indexed by 1; i; j and the other by 2; i; j, so a point will be written as x = (x 0 ; x 1;1;2 ; x 2;1;2 ; x 1;1;3 ; x 2;1;3 ; ; x 1;2n?1;2n ; x 2;2n?1;2n ):
Now, for each i 2 2n], we will have one point x i , and for each pair i; j such that 1 i < j 2n we will have two points y i;j ; z i;j , so Proof of claim. Consider the (1; i; j)th coordinate. Four cases arise, according to whether x i and x j lie on the same or opposite side of the partition, and whether x i and y i;j lie on the same or opposite side of the partition. We demonstrate the proof in the case where both x j and y i;j appear on the opposite side of the partition than x i . In that case, we have 
Remaining questions
Computing the lower and upper bounds given in Corollary 2.2 and Corollary 3.7, we obtain 11 r(3) 24. For simple polytopes we can do a little better.
